The universal aspects of two-body collisions in the presence of a harmonic confinement are investigated for both bosons and fermions. The main focus of this study are the confinement-induced resonances (CIR) which are attributed to different angular momentum states ℓ and we explicitly show that in alkaline collisions only four universal ℓ-wave CIRs emerge. Going beyond the single mode regime the energy dependence of ℓ-wave CIRs is studied. In particular we show that all the ℓ-wave CIRs may emerge even when the underlying two-body potential cannot support any bound state. We observe that the intricate dependence on the energy yields resonant features where the colliding system within the confining potential experiences an effective free-space scattering. Our analysis is done within the framework of the generalized K-matrix theory and the relevant analytical calculations are in very good agreement with the corresponding ab initio numerical scattering simulations.
The universal aspects of two-body collisions in the presence of a harmonic confinement are investigated for both bosons and fermions. The main focus of this study are the confinement-induced resonances (CIR) which are attributed to different angular momentum states ℓ and we explicitly show that in alkaline collisions only four universal ℓ-wave CIRs emerge. Going beyond the single mode regime the energy dependence of ℓ-wave CIRs is studied. In particular we show that all the ℓ-wave CIRs may emerge even when the underlying two-body potential cannot support any bound state. We observe that the intricate dependence on the energy yields resonant features where the colliding system within the confining potential experiences an effective free-space scattering. Our analysis is done within the framework of the generalized K-matrix theory and the relevant analytical calculations are in very good agreement with the corresponding ab initio numerical scattering simulations. 
I. INTRODUCTION
In low-dimensional ultracold gases the manipulation of two-body collisions preludes the experimental realization of exotic many-body phases, such as the Tonks-Girardeau and the super-Tonks-Girardeau gas phases [1] [2] [3] . The concept of reduced dimensionality possesses a central role in these systems providing additional means to control the corresponding collisional events apart from the usual toolkit of Fano-Feshbach resonances [4] [5] [6] . More specifically, it was shown that free space non-resonant collisional events can be enhanced in the presence of waveguide-like trapping potentials [7, 8] . This yields a particular type of Fano-Feshbach resonance, the socalled confinement-induced resonances (CIRs) which occur when the scattering length is of the order of the length of the transversal confinement [9, 10] . Recent experimental advances allowed to explore the corresponding physics of CIRs in quasi-one-and quasi-two-dimensional (quasi-1D and quasi-2D) waveguide geometries [11] [12] [13] [14] [15] or in mixed dimensional scattering processes [16] . Complementing the experimental studies, substantial theoretical efforts exhibit a kaleidoscope of confinement-induced processes, such as dual [17] and higher partial wave CIRs [18, 19] , multichannel [20] [21] [22] [23] or anharmonic CIRs [24] [25] [26] and CIR molecule formation [27] or dipolar CIRs [28] [29] [30] . Further studies on CIR effects focus on the impact of various confining geometries, such as quasi-2D either harmonic [31, 32] or square well [33] , and lattice potentials [34] [35] [36] , or collisions in mixed dimensions [37] . Evidently, most of the theoretical efforts focus either on single par- * bhess@physnet.uni-hamburg.de † pgiannak@physnet.uni-hamburg.de ‡ pschmelc@physnet.uni-hamburg.de tial wave collisions or on the low energy regime. Therefore, extending the concept of mutually coupled higher partial wave CIRs to the regime of strong energy dependence and investigating their universal properties will elucidate the underlying collisional physics.
In this work, we consider two-body collisions of either bosonic or fermionic symmetry in the presence of an axially symmetric and harmonic waveguide. The atoms are allowed to perform collisions with higher partial waves where we take into account that the total colliding energy is well above the threshold of the ground state of the transversal confinement. The theoretical conceptualization of the corresponding resonant phenomena is based on a fully analytical and non-perturbative framework of the K-matrix approach [19, 28] including appropriate interatomic interactions with e.g. a van der Waals tail. This approach provides a generalization of the works of Granger et al [18] and Kim et al [38] incorporating however all the higher partial waves and contributions from all the closed channels. Furthermore, going beyond the previous studies we derive the connection of the physical K-matrix with all the relevant scattering observables obtaining thus the full scattering wave function. Therefore, the K-matrix approach can be applied equivalently to other systems, e.g. distinguishable or identical particles for various confining geometries or multichannel collisions beyond the single mode regime. Investigating the universal properties of the ℓ-wave CIRs for alkali atoms we observe that only four are present, namely s-(p-) and d-(f -)wave for bosons (fermions) due to the interplay between the confinement and the van der Waals potential. In addition, we study the energy dependence of the corresponding CIRs and observe that all the CIRs can occur even when the two-body potential cannot sustain a weakly bound or quasi-bound state. Moreover, for the energy dependent d-and f -wave CIRs we observe the bosonic and fermionic counterpart of the dual CIR [17] , i.e. total transparency (T = 1), which occurs due to the destructive interference of s − d and p − f wave scattering, respectively. Finally, ab initio numerical simulations corroborate all the relevant analytical calculations within the K-matrix framework.
In detail, this paper is organized as follows. In Sec. II we introduce the waveguide Hamiltonian under consideration, define the interatomic potential and discuss the relevant theoretical methods, namely the K-matrix theory for quasi-1D waveguide geometries. The connection between the physical K-matrix and the physical observables is the content of Sec. III, while Sec. IV is devoted to the discussion of the universal properties of interatomic potential exhibiting a van der Waals tail and how this affects the CIRs in neutral diatomic collisions. A summary and conclusions are given in Sec. V.
II. WAVEGUIDE HAMILTONIAN AND K-MATRIX APPROACH
We consider the collision of two identical particles within a harmonic waveguide. Due to the harmonicity of the confinement we can separate the Hamiltonian into a part describing the center of mass and relative motion, respectively. The Hamiltonian of the relative motion relevant to the collisional process reads
where r = z 2 + ρ 2 is the interparticle distance, with z and ρ describing the longitudinal and transversal degrees of freedom, respectively. µ denotes the reduced mass of the colliding pair and ω ⊥ is the confinement frequency. Accordingly, the harmonic oscillator length scale is given by a ⊥ = /µω ⊥ . The term V LJ (r) = C10 r 10 − C6 r 6 is the Lennard-Jones 6-10 potential indicating the short-ranged two-body interatomic interactions. C 6 is the dispersion coefficient and it defines the van der Waals length scale via the relation β 6 = (2µC 6 / 2 ) 1/4 . We set C 10 as a parameter in order to tune the corresponding scattering lengths induced by the short-range potential. Among others, the particular choice V LJ (r) is motivated by the existence of analytical solution of the free-space collisional problem, where the corresponding phase shifts are derived by means of a generalized effective range theory [39] .
Hereafter, we assume that the length scales in our Hamiltonian are well separated, namely β 6 ≪ a ⊥ . Due to this separation, our configuration space has three distinct regions.
(i) In the asymptotic region r → ∞ the interatomic potential V LJ is negligible. Therefore, the wave function can be written as a linear combination of product states of plane waves in z-direction and a 2D harmonic oscillator state in the transversal ρ-direction. The relevant scattering information is then encapsulated in the K 1D matrix. In addition, the total colliding energy E distributes over these two degrees of freedom according
, where n refers to the oscillator modes, q n denotes the momentum in the unconfined z-direction and k indicates the wave vector of the total energy.
(ii) Approaching the origin from the asymptotic region we pass through an intermediate regime (β 6 ≪ r ≪ a ⊥ ), where both the confining-and the interatomic-potential are negligible. Hence, the wave function in the corresponding region is simply the solution of the free particle Hamiltonian.
(iii) Finally, in the inner region (r ∼ β 6 ), V LJ becomes the by far dominant contribution and thus the two particles experience a free space collision with total energy E = (a ⊥ k) 2 
2
, where the corresponding wave function can be written as a linear combination of the free space solutions. The impact of the V LJ potential is then encompassed in the K 3D matrix. The crucial assumption of length scale separation permits us to map the solutions from the inner region, where spherical symmetry is present and states are thus characterized by angular momentum eigenstates |l , to the states |n in the asymptotic regime, where n denotes the n-th oscillator mode. We remark that in the inner and asymptotic region the azimuthal subgroup of the spherical symmetry group remains a symmetry of the Hamiltonian and therefore no mixing of different azimuthal states m occurs. Hence, we set m = 0 and omit it in the labeling of the states. The map accomplishing this local frame transformation from the spherical to the cylindrical solutions was used before [40, 41] and is generally given by
where d 0 is either given by ℓ/2 in the case of even partial waves, or, respectively by (ℓ+1)/2 in the case of odd partial waves and P ℓ (·) indicates the Legendre polynomial of ℓ-th degree. As mentioned above, Eq. (2) interrelates the wave functions of the asymptotic and the inner region. Consequently, the corresponding K matrices are connected according to the relation 18, 19, 28, 33] , where the K 3D -Matrix is a diagonal matrix in the ℓ-wave representation with entries given by the tangent of the phase shifts.
Allowing K 1D and K 3D to be fully energy dependent, in the following we consider that the total colliding energy is well above the threshold of the transversal ground state and below the threshold to the first excited transversal mode. This implies that we assume only one open channel, namely the ground state of the harmonic oscillator, while all the excited states remain closed. However the part of the wave function which refers to the closed channels possess exponential divergences, and thus, results in an unphysical scattering process. To make the excited modes become evanescent, i.e. impose the correct physical boundary conditions the multichannel quantum defect theory is used, which was first utilized in the context of CIRs in [18] and is in more detail generally discussed in [42] , leaving us with a physical K-Matrix, given by Before addressing the question of how to relate the physical K-Matrix from Eq. (3) to the physical observables, let us for convenience introduce (c.f. App. A) the trace over the closed channels U ℓℓ ′ of U ℓn U ℓ ′ n , for arbitrary angular momenta ℓ and ℓ ′ , by
where n o denotes the total number of open channels, which in the following is equal to 1. ζ(s, q) denotes the Hurwitz Zeta function, in the relation Γ(·) the terms which depend on ℓ, ℓ ′ and λ denote the Wigner 3J-symbols, while the last two expressions denote the binomial coefficients. ǫ is the dimensionless, channel normalized, total colliding energy, given by the relation E = 2ω ⊥ (ǫ + 1 2 ). This scale is chosen in such a way, that for 0 ≤ ǫ < 1, the colliding energy varies between the thresholds of the ground-and the first excited transversal mode, respectively. It is clear from the definition of the trace, that U ℓℓ ′ describes the coupling of a partial wave ℓ to a ℓ ′ -wave after undergoing the virtual transitions in the closed channels n which are encapsulated in the Hurwitz Zeta functions.
Note that the elements of U can be used for different interatomic potentials, as long as harmonic confinement is considered and the separation of length scales is fulfilled. For example a minor generalization of them yields a convenient representation for the couplings to the closed channels with possible applications in the case of dipolar collisions.
The actual derivation of the physical K-Matrix essentially reduces to the inversion of the part containing the cc-channel contributions, i.e. (1 1 − iK
Following the derivation in [19] , we obtain a physical K-Matrix in the open channels, which reads
where
while ∆ ℓ = tan δ ℓ , whereas in turn δ ℓ refers to the phase shift of the ℓ-th partial wave gathered in the interatomic collision via V LJ . We remark, that Eq. (5) holds for arbitrary partial waves ℓ and ℓ ′ , under the assumption that either both are even or odd and at all energies within the continuum between the ground-and first excited channel. In particular we note, that in the case of ∆ ℓ ′ = 0, namely the single partial wave approximation, the formula reduces to
which resembles for ℓ = 0 and ℓ = 1 the results found in [7] and [18] , respectively.
III. K-MATRIX AND OBSERVABLES
In order to relate the physical K-Matrix to the relevant physical observables, different approaches were chosen in the past. One of the most common techniques to achieve this goal was to introduce an effective quasi 1D Hamiltonian to which the original Hamiltonian was mapped, where the short-range interaction is modeled by a bare delta function multiplied by a factor which is expressed in terms of the physical K-matrix [7, 19] . This technique was subsequently extended by the Bose-Fermi mapping to also include spin-polarized fermionic systems [18] . This procedure of mapping to an auxiliary Hamiltonian becomes cumbersome in the multi mode-regime, resulting in a family of effective Hamiltonians which are not uniquely defined.
To avoid this difficulty we present an alternative method which by construction is valid for an arbitrary number of open channels, applies equally well to distinguishable and indistinguishable particles and provides the full scattering wave function. To obtain the full solution to the scattering problem, we essentially have to find a connection of the 1D scattering amplitude f 1D and the physical K-Matrix K 1D,phys oo . This is done by exploiting
2f , [43] where S denotes the scattering matrix of the system andf is an integral operator [44] averaging the scattering amplitude over the solid angle. It relates the scattering amplitude and the scattering matrix in arbitrary dimensions d. For our purpose we consider the special case d = 1 and obtain, by evaluating the integral to be two times the scattering amplitude, an expression for the 1D scattering matrix, given by
which, in particular differs from the standard textbook result for the 3D relation by the absence of an additional momentum dependence compensating for the physical dimension of the 3D scattering amplitude. Using now the Cayley transform S = (1 + iK)(1 − iK) −1 we obtain the 1D scattering amplitude in terms of the physical K 1D,phys oo
and correspondingly the well-known expression for the transmission amplitude
Note that Eqs. (8) and (9) hold regardless of the particle exchange symmetry. The bosonic or fermionic character of the particles is already embedded in the K 1D,phys oo matrix. Furthermore, we remark that this derivation is not restricted to quasi-1D Hamiltonians and can be equally applied to Hamiltonians of arbitrary dimensions connecting the relevant physical K matrix with the corresponding scattering amplitudes and cross-sections.
In addition, let us give some general remarks on Eq. (9) concerning the two significant values the transmission coefficient can take, namely T = 0 which especially addresses the CIR, and, T = 1 corresponding to total transparency characterizing in particular the absence of a back-scattering process. As the general form of the transmission coefficient is given by Eq. (9), we immediately observe, that the zeros of the transmission are in one-toone correspondence with a diverging physical K-Matrix, while the unit values appear for a vanishing K 1D,phys oo . The inspection of Eqs. (5) and (6) shows, as the physical K-Matrix is in both cases clearly separated in numerator and denominator, that a zero value and divergence of the physical K-Matrix can only be obtained by a root of the numerator and denominator, respectively. The case of a diverging numerator can be excluded since the elements of the local frame transformation U ℓ0 and the particular U ℓℓ ′ 's behave regular within the range of considered energies. In the present investigation we exclude the threshold energy ǫ = 1 of the first excited channel, since over there the elements of U ℓℓ (ǫ) are in general singular and thus lead to threshold singularities [44, 45] , arising due to the fact that at the channel thresholds the S-Matrix of the system abruptly changes its dimension since additional transitions between the open channels become available.
IV. RESULTS AND DISCUSSION
A. Universal properties of ℓ-wave CIRs
FIG. 1. (Color online)
The s-wave scattering length a0 (red dashed line) and the g-wave scattering length a4 (blue solid line) are shown versus the C10 parameter. It is observed, that both scattering lengths are diverging at the same values of C10 meaning that the s-and g-wave bound and quasi-bound states appear simultaneously at the threshold.
In the following we will focus on the universal properties of the ℓ-wave CIRs. Since our main concern is the description of neutral alkaline atomic collisions in the presence of a waveguide the following analysis depends on the van der Waals tail of the interatomic interactions. From the perspective of free-space collisions Gao [46] developed an angular insensitive quantum defect theory focusing on pair collisions under the influence of a van der Waals potential tail. Investigating the universal aspects of such collisional systems it was shown that the resonant structure of different ℓ partial waves possesses a periodic character with respect to the angular momentum. More specifically, it was shown that when an ℓ-wave (quasi-)bound state crosses the threshold simultaneously an ℓ + 4-wave (quasi-)bound state crosses it as well. This remarkable property is demonstrated in Fig. 1 where in a transparent way we show that s-(red dashed line) and g-wave (blue solid line) scattering lengths are diverging simultaneously. The same holds for p-and h-wave, d-
Considering the same set up within a waveguide the transversal confinement results into a coupling among all the partial waves. In this case a particular CIR possesses a specific ℓ-wave character when the corresponding partial wave dominates over the remainder or in other words an ℓ-wave CIR occurs in the vicinity of an ℓ wave freespace resonance. Therefore, the interplay of the confinement with the ℓ + 4 periodicity of the van 
As Gao's findings on the ℓ + 4 periodicity crucially depend on the assumption that all (quasi-)bound states must be close to the threshold of the interatomic potential, we express the energy scale associated with this potential ǫ sh , introduced in [46] , in terms of the confinement length scale, yielding:
which shows, that the length scale separation (β 6 ≪ a ⊥ ) also separates the energy scale of the waveguide, given by ǫ and the interatomic energy scale, given by ǫ sh . Thus, we can safely assume to be in the regime nearby the threshold of the interatomic potential while still being allowed to consider colliding energies ǫ ∼ 1, and thus be well above the threshold of the transversal ground state. Another universal aspect of the ℓ-wave CIRs is the following: when a s or a p-wave CIR occurs, their corresponding couplings to d or f partial waves, respectively, can be neglected. This is permitted since in general d and f -wave scattering lengths are practically zero in the vicinity of s-and a p-wave free space resonances, respectively. Contrary to the previous case, when a d-or an f -wave CIR occurs their corresponding couplings to the s-or p-wave can not be neglected. This occurs due to the fact that for energies ranging in the interval ǫ ∈ [0, 1), in the vicinity of a d-wave CIR the s-wave scattering length has the value a 0 bg ≈ 2π/(Γ (1/4) 2 )β 6 ≈ 0.48 β 6 and, similarly, in the vicinity of an f -wave CIR the p-wave scattering length has the value a 1 bg ≈ −0.45 β 6 , where the corresponding analytical values are taken from [46] .
B. s-and p-wave energy dependent CIRs
For now, we turn our attention to the simplest cases where CIRs occur, i.e. s-and p-wave interactions for bosons and spin-polarized fermions, respectively. In this case, the resonant collisions within the waveguide result in s-and p-wave CIRs. A fundamental property of this particular type of CIR is that they are solely characterized by one partial wave and hence are well described within the single partial wave approach. This is due to the fact that in the vicinity of these CIRs all higher partial waves have practically a vanishing scattering length, namely a ℓ ≈ 0.
In general, in the single partial wave picture, we obtain, by solving det(1 − iK cc ) = 0 for the scattering length the resonance conditionā
for a specific ℓ-wave CIR, where RC ℓ (ǫ) is given by:
The scaled scattering lengthā ℓ (ǫ) = a ℓ (ǫ)/a ⊥ , introduced above, is defined as the energy dependent ℓ-wave free space scattering length divided by a ⊥ , whereas in turn, the energy dependent scattering length is as usual given by: a 2ℓ+1 ℓ = − tan δ ℓ /k 2ℓ+1 . For ℓ = 0 and ǫ = 0, this relation reduces to Olshanii's result [7] , while the corresponding case of ǫ = 0 and ℓ = 1 describes the p-wave CIR found by Granger et al. in [18] .
For the case of s-wave CIRs, we show in Fig. 2 the coefficients RC 0 versus the dimensionless energy ǫ depicted as black solid lines, while the red shading illustrates the magnitude, whichā 0 (ǫ) has to have at a certain energy in order to form a CIR. Over there we readily read off the familiar value ofā 0 (0) = −1/ζ(1/2) ≈ 0.68 at ǫ = 0. Now, as we move on to higher energies we see that the scaled scattering length also has to increase in order to become resonant until, at an energy ǫ 0 ∞ ≈ 0.69, the resonance coefficient RC 0 becomes infinite and thus the (scaled) scattering length must be close to unitarity in order to satisfy Eq. (11) .
Similarly to the s-wave CIRs, the corresponding coefficients RC 1 for the p-wave CIRs are shown by the black solid line in Fig. 3 , while the blue shading this time corresponds to the magnitude ofā 1 in order to meet the resonance condition Eq. (11). We observe that here a similar behavior is present. This time departing at ǫ = 0 with a small negative value, the resonance coefficients monotonically decreases until they reach −∞ at ǫ 1 ∞ ≈ 0.34. In that sense, the main difference between the resonance conditions for ℓ = 1 and ℓ = 0 is, that the coefficient RC ℓ for p-waves has two poles, whereas the bosonic counterpart only exhibits one pole, respectively. However, common to both coefficients is the fact, that the poles are of odd order, or, equivalently, are related to sign changes in the resonance condition, implying that for both partial waves the CIR can occur for both signs of the scaled scattering length. To be more specific, for ℓ = 0 the CIR can appear for energies larger ǫ for fermions, respectively. There, the transmission coefficient T is shown versus the corresponding scaled scattering lengthā ℓ at different energies, which are also labeled by the corresponding letters in Figs. 2 and 3 , respectively. In these transmission spectra the CIRs, identified by a vanishing transmission, appear at the values given according to Eq. (12) . We also observe, that the values of T = 1, i.e. the total transparency, is always located atā ℓ = 0, as it is expected by our earlier discussion in the last paragraph of Sec. III on the vanishing of the physical K-Matrix. In the case of a single partial wave a vanishing numerator of the K-Matrix can only be achieved by a vanishing scattering length, i.e. by the absence of the free-space interactions.
Note the black dots in Figs One way to describe the transition between the regime where a CIR is present and its absence is most conveniently done by introducing the Fano q-parameter [48] , which is originally defined as the ratio between the transition probabilities to the discrete state and to the continuum. Following this nomenclature, the symmetric line-shape is obtained when the transition to the continuum tends to zero, namely the coupling between closed channel bound state and the open channel continuum vanishes, and hence q diverges. For a general ℓ-wave confinement-induced processes, we define the ℓ-dependent q-parameter q ℓ to be:
Using this parametrization, the transmission coefficient reads
Taking now the limit ǫ → ǫ i ∞ , the q-parameter q ℓ diverges and we end up with:
as the expression for the transmission coefficient in the case of ℓ = 0, describing the Lorenzian line shape which is solely parameterized in terms of the scaled scattering lengthā 0 . Similarly, for the case of ℓ = 1 we obtain:
where, in Eq. (16), ǫ j ∞ for j = 1, 2 refer to the energies at the poles in the coefficients RC 1 . Again, this transmission coefficient is parameterized by the scaled scattering lengthā 1 .
As we mentioned above at energies ǫ = ǫ i ∞ the resonant collisions occur atā ℓ → ∞ yielding transmission blockade, i.e. T = 0. In order to firmly address this point we consider that the corresponding scattering lengths are deeply in the unitarity regime. Then for a single partial wave ℓ the general form of the transmission coefficient T given in Eq. (9) for scattering lengths at unitarity reduces to T unitarity according to the following relation:
where we refer to the Appendix A for further details on U. Eq. (17) is depicted in Fig. 6 both for s-wave (red line) and p-wave (blue dashed line) cases, where we plot the transmission coefficient T unitarity on a logarithmic scale as a function of energy ǫ. As expected we observe that indeed the transmission T unitarity becomes zero at the energy values ǫ 
C. d-and f -wave energy dependent CIRs
Let us now discuss the case of d-and f -wave CIRs where we will solely focus on the universal properties of the extrema of the corresponding transmission coefficients. Unlikely to the case of s-and p-wave CIRs, dand f -wave CIRs are strongly affected by the presence of s-and p-partial waves, respectively. This occurs since in the vicinity of these CIRs the s-and p-wave scattering lengths retain a non-vanishing value. Therefore, the single partial wave approach is not valid anymore partic-ularly for T ≈ 1.
First we consider the case T = 0. Analogous to the case of a single partial wave, the resonance conditionā ℓ ′ = RC ℓ ′ ,ℓ (ǫ) in the presence of two partial waves ℓ and ℓ ′ is obtained by solving the determinant from Eq.(5) for the corresponding scattering length, yielding the following expression
where α ℓ = i∆ ℓ /(1 − i∆ ℓ U ℓℓ ) represents the coupling strength of the ℓ ′ -wave to the ℓ-wave and essentially describes how the free space process is affected by the closed channels, which can be seen by comparing α ℓ with Eq. (6). Equation (18) nicely shows, how the corresponding coefficients from Eq. (12) are altered by the presence of a second partial wave. Also note, that in the single partial ℓ ′ -wave approximation, we have ∆ ℓ = 0, and hence α ℓ = 0, Eq. (18) reduces to Eq. (12).
As mentioned before, the ℓ-wave character is addressed to a CIR if and only if the corresponding partial wave dominates over all the others. Therefore, for the particular case of T = 0, d and f -wave CIRs occur when the corresponding scattering lengths dominate. Hence, the background scattering lengths, namely s and p-wave can be regarded as minor corrections to the positions of d-and f -wave CIRs. Now, similar to the case of T = 0 we investigate the solutions to the constraint T = 1, i.e. total transparency, since the numerator of the physical K-Matrix for coupled partial waves, given in Eq. (5), contains non-trivial relations between the different partial waves, as well as couplings to the closed channels. Hence, analogous to the resonance condition of Eq. (11), we obtain the transparency condition for a ℓ ′ -wave dominated process, given byā
where the coefficients TC ℓ ′ ,ℓ (ǫ) are
However, in the case of total transparency, we observe from Eq. (20) that the value ofā ℓ ′ for which T becomes unity strongly depends on the corresponding background scattering length as well as on the colliding energy ǫ. Also note, that in the case of a single partial wave, e.g. ∆ ℓ = 0, the RHS of Eq. (20) vanishes identically and we are left with the conclusion from Sec. IV B, that total transparency can occur only forā ℓ = 0. Hence, contrary to s-and p-wave total transparency, here, in the case of coupled partial waves, the occurrence of the total transparency is the immediate result of destructive interference between s − d and p − f partial waves for bosons or fermions, respectively. Therefore this feature of CIR corresponds to the bosonic and fermionic dual CIR which has been discussed in Ref. [17] for distinguishable particles. Figures 7, 8 and 9 present a convenient visualization of the energy dependence of the transmission extrema for s-, p-, d-and f -wave (dual) CIRs. This representation is achieved by stereographically projecting on a cylinder the geometrical topos, i.e. the trajectory, of the corresponding coefficients RC ℓ ′ ,ℓ and TC ℓ ′ ,ℓ for T = 0 and T = 1, respectively. The basis of the cylinder is formed by mapping the complete range of values of the scaled scattering lengthā ℓ on a circle. This particularly allows us to illustrate the valuesā ℓ = 0 andā ℓ = ±∞ as two anti-diametric points of the circle. In addition perpendicularly to the plane of the circle we add the axis of the energy ǫ. More specifically, the panels (a) and (b) of Fig. 7 corresponds to the cases of s and p-wave CIRs respectively. In both panels we observe that the resonance trajectories (dashed lines) for T = 1 are completely straight lines on the corresponding cylindrical surfaces demonstrating in this manner that they do not depend on energy. On the other hand the resonance trajectories for T = 0 (solid lines) exhibit a more intricate dependence on the energy. The resonance trajectories spiral upwards as the energy is increased illustrating in a transparent way the sensitivity of the position of s and p-wave CIRs which alter via the total colliding energy yielding thus CIRs even for negative scattering lengths. This change in the sign occurs when the position of the corresponding CIRs cross the infinity point, namelyā ℓ = ±∞. In addition in Fig. 7 (b) we observe that the energy dependence yields a double change on the sign of the p-wave scattering length as it was already shown in Figs. 3 and 5.
Figs. 8 and 9 corresponds to d-and f -wave CIRs, respectively. More specifically, panel (a) in Figs. 8 and 9 refer to the cases of d-and f -wave CIRs, respectively. The resonance trajectories for T = 0 are denoted by red and blue solid lines for d-and f -wave CIRs, respectively. We observe that both cases exhibit similar behavior as in the corresponding cases of s-and p-wave CIRs. This occurs since the corresponding resonance conditions (Eqs. (12) and (18) of T = 1 spirals up initially counterclockwise with respect to the resonance trajectory T = 0 and evidently the corresponding scattering length is changing sign across the pointā ℓ = ∞ in order to fulfill the condition Eq. (19) . Comparing this observation with the corresponding fermionic case, i.e. the behavior of TC 3,1 (ǫ) which is shown in panel (b) of Fig. 9 , we find that the dependence on energy is not as intricate as it is for the corresponding bosonic coefficient TC 2,0 (ǫ). This behavior is an immediate result of the weak interference of p and f waves. Additionally, we observe that there is no f -wave dual CIR for negative values ofā 4 .
As we mentioned above, the trajectories of Figs. 7 to 9 for T = 0 and for T = 1 occur from the roots of the denominator and nominator of the physical K-matrix, respectively. Therefore, intersections between the T = 0-and T = 1-trajectories are prohibited since this would result in an indeterminate physical K-matrix. Or, in terms of physical behavior, this would yield a scenario where the transmission T would be simultaneously zero and unity at the corresponding scattering length and energy. However, we remark that the trajectories T = 0 and T = 1 might approach each other at some particular values of the scaled scattering lengths and energies and exhibit in this manner a transmission profile where T abruptly changes from total transparency to total reflection. Hence, close to these exceptional values the full physical K-matrix has to be employed and not its parts, namely the nominator and the denominator yielding thus trajectories which do not possess crossings.
D. Confinement-induced resonances and closed channel bound states
In this subsection we address the physical interpretation of the energy dependent ℓ-wave CIRs. As we mentioned above this particular type of resonances fulfill a Fano-Feshbach scenario. Therefore, a detailed analysis based on the bound eigenspectrum of the closed channels will allow us to rigorously show that indeed an ℓ-wave CIR can occur even when the two-body interactions are not deep enough to sustain a (quasi-) bound state thereby going beyond previous studies [8] .
In the following we will calculate the bound state eigenenergies via the roots of det(1 − iK cc ), where the K cc matrix is fully energy dependent [42] . Moreover, we remark that det(1 − iK cc ) contains only the closed channel bound states and not their couplings to the continuum of the open channel. This means that Fig. 10 illustrates the bare bound states of the closed channels and not the dressed ones. Specifically, Fig. 10 the corresponding results of [8] . In particular we observe that for ǫ tot = 0 the corresponding bound state crosses the threshold of the transversal ground state at a ⊥ /a 0 = 1.46 . . . , as expected. Increasing the total colliding energy ǫ tot , i.e. moving away form the threshold of the open channel we observe that the intersection of the horizontal dashed line with the red solid one changes its location continuously towards smaller values of a ⊥ /a 0 until it crosses the zero which occurs at ǫ tot = ǫ 0 ∞ as it was mentioned before (see Fig. 2 ) and from that colliding energy on, the incoming wave can become resonant with the closed channel bound state only for negative scattering lengths until the threshold to the first excited channel is reached from below. Similarly in Fig.10 (b) , this general behavior is also observed for the bound state of the d-wave CIRs indicated by the red solid line.
On the other hand, the bound states of the odd partial waves behave differently. As already observed in the respective panel (b) of Figs. 8 and 9, there are two colliding energies for which the corresponding trajectories for T = 0 are crossing the valueā ℓ = ∞ for two different colliding energies. This behavior is clearly demonstrated in Fig 10 (a) and (b) where we observe that the corresponding blue dashed lines cross twice the valueā −1 ℓ = 0, implying, a twofold change of sign in the scaled scattering length with increasing total colliding energy ǫ tot to ensure resonant scattering within the waveguide geometry. To conclude, Fig. 10 shows in a transparent way that all ℓ-wave CIRs render the existence of a closed channel bound state even though the underlying two-body potential may not support a (quasi-) bound state.
V. SUMMARY AND CONCLUSIONS
We have investigated the two-body scattering of bosons and spin-polarized fermions in a harmonic waveguide, taking into account the coupling of different partial waves due to the confinement, as well as the energy dependence of the collisional processes. Furthermore, we employ the framework of the K-matrix approach presented in [18, 19, 28, 33] which we combined with the freespace collisional theoretical framework of Gao [39, 46, 49] . This permits us to obtain fully analytical results including adequate two-body interatomic interactions which possess a van der Waals tail.
Throughout this work the only assumption that we considered is that the length scale associated with the interatomic potential is smaller than the oscillator length a ⊥ , implying two regions of different symmetry, i.e. spherical close to the center and cylindrical for large relative distances. In addition, we present analytical formulas which provide a connection of the physical K-matrix with all the relevant scattering observables, in particular to the scattering amplitudes, and matrices. This connection provides a general form and can be applied to different confining potentials or an arbitrary number of open channels regardless if the collisional partners are constituted of identical or distinguishable particles.
In the present set up of identical particle collisions within a quasi-1D waveguide geometry we have demonstrated the universal aspects of ℓ-wave CIRs concluding that atomic collisions render four types of CIRs, where two of them are attributed to bosons and the other two to spin polarised fermions. We show that this property arises due to the interplay of the van der Waals potential with the transversal confinement. In addition, we have investigated the energy dependence of ℓ-wave CIRs showing that all of them possess always a closed channel bound state even if the two-body potential is not deep enough to support a weakly or quasi-bound state. Therefore the fact that the position of the CIRs are extremely sensitive to the total colliding energy regardless of the dimensionality of the confining potential might be an indicator for the experimental discrepancies on the sign of the position of a quasi-2D CIR [11, 13] . Moreover, we observe that at some particular colliding energies the closed channel bound states decouple from the continuum of the open channel resulting thus into an effective free-space collision within the waveguide. Particularly in the case of d and f -wave collisions we observed the dual CIR, i.e. total transparency, for indistinguishable particles which is due to the interference of different partial waves and exhibits a strong energy dependence.
